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1. Introduction

Recently, the study of parabolic inverse problems, i.e. the determination of
some unknown function in a parabolic equation, has received much attention.
The study of mathematical models for many important applications such as
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chemical diffusion, applications in heat conduction processes, population dy-
namics, thermoelasticity, medical science, electrochemistry, engineering, wide
scope, chemical engineering The inverse problem of determining unknown coef-
ficient in a quasi-linear parabolic equation has generated an increasing amount
of interest from engineers and scientist. [2, 14, 7, 3, 13, 1]. The Fourier Trans-
form is used in fields such as analysis, sound engineering, and processing. The
Fourier Transform is used for a descriptive system for time. This is the routing
of the signals.Pseudo-parabolic equations describe a variety of important phys-
ical processes, such as the seepage of homogeneous fluids through a fissured
rock of nonlinear pseudo-parabolic equations [16, 15, 12]. However, periodic
boundary and integral boundary conditions and inverse coefficient problems
have not been investigated by many researchers due to the difficulties of these
conditions. Such conditions are used in heat transfer, in life sciences, lunar
theory. Boundary value problem for quasilinear parabolic equations with pe-
riodic boundary conditions was handled [8, 9, 1, 10, 11]. Baglan I., Kanca
F. study quasilinear parabolic equations with periodic boundary conditions by
integral boundary condition [9]. They also study Euler Bernoulli equations
with periodic boundary conditions by integral boundary condition [10]. They
handle two dimensions problems with periodic boundary conditions by integral
boundary condition [11]. The Fourier method is one of the most suitable meth-
ods used for this type of problems by theorically. The Fourier method has
applications in many fields, for example, generalized orthogonal polynomials
theory, Laguerre polynomials, Bessel Functions [5, 4, 6].

We will use Fourier method and finite-difference method for the model of
partial differential equation (1.1)-(1.4).

wt − wxx − εwxxt = r(t)h(x, t, w), (x, t) ∈ Γ, (1.1)
w(x, 0) = ϑ(x), x ∈ [0, π] , (1.2)

w(0, t) = w(π, t), wx(0, t) = wx(π, t), 0 ≤ t ≤ T, (1.3)
wxx(π, t) = g(t), 0 ≤ t ≤ T. (1.4)

The condition (1.2) is called initial condition, conditions (1.3) are called pe-
riodic boundary conditions.Finding the pairs {w(x, t), r(t)} is called the inverse
problem.

Here Γ := {0 < x < π, 0 < t < T} . The functions φ(x) and f(x, t, u) are
given functions on [0, π] and Γ× (−∞,∞), respectively.

The existence, uniqueness and convergence of the weak generalized solution
the direct problem (1.1)-(1.4) are considered in [8]. The numerical solution of
this parabolic problem is considered in [1].

In this paper, we prove existence, uniqueness of the solution and we will
develop the implicit finite-difference scheme for solving the pseudo-parabolic
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problem inverse problem with periodic boundary conditions.There are several
methods aimed at the numerical approximation of parabolic inverse problems,
for example implicit finite-difference schemes for the solution of parabolic in-
verse problem.

Definition 1.1. The pair {r(t), u(x, t)} from the class C[0, T ] × (C2,1 (Γ) ∩
C1,0

(
Γ
)
) for which conditions (1.1)-(1.4) are satisfied is called the classical

solution of the inverse problem (1.1)-(1.4).

The paper is organized as follows. In Section 2, the existence and the unique-
ness of the solution of the problem are proved using the Fourier method and
iteration method. In Section 3, stability of method for the solution is shown.
In Section 4, the numerical procedure for the solution of the problem is given.

2. Solution of this problem

First of all, Fourier method will be used to solve this problem. Then, the
uniqueness and continuous dependency of the creation process will be demon-
strated by creating iterations with the Picard approximation method.The main
result on the existence and the uniqueness of the solution of the inverse problem
(1.1)-(1.4) is presented by Picard approximation method.In order to solve this
problem, it is necessary to satisfy the provisions of Picard’s theorem.In order
to prove the theory, we must define certain conditions.

We accept the following assumptions:
(K1) g(t) ∈ C1[0, T ].

(K2) ϑ(x) ∈ C2[0, π], ϑ(0) = ϑ(π), ϑ
′
(0) = ϑ

′
(π),

(K3)
(1) ∣∣∣∣∂(n)h(x, t, w)

∂xn
− ∂(n)h(x, t, w̃)

∂xn

∣∣∣∣ ≤ l(x, t) |w − w̃| , n = 0, 1, 2

where l(x, t) ∈ L2(Γ), l(x, t) ≥ 0,

(2) h(x, t, w) ∈ C2[0, π], t ∈ [0, T ],

(3) h(x, t, w)|x=0 = h(x, t, w)|x=π , hx (0, t, w)|x=0 = hx(π, t, w)|x=π ,

(4) r(t) ∈ C[0, T ] :

By the Fourier method, we have

w(x, t) =
w0(t)

2
+

∞∑
k=1

[wck(t) cos 2kx+ wsk(t) sin 2kx] .

If we integrate the previous equation,we integrate from 0 to π,we find w0(t),
we integrate from 0 to π and multiply by the cos 2kα, we find wck(t), we
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integrate from 0 to π and multiply by the sin 2kα, we find wsk(t), respectively.
w0(t) = ϑ0

+
2

π

t∫
0

π∫
0

r(β)h (α, β, w) dαdβ,

wck(t) = ϑck e

−(2k)2t

1+ε(2k)2

+
2

π(1 + ε(2k)2

t∫
0

π∫
0

r(β)h (α, β, w) cos 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ,

wsk(t) = ϑsk e

−(2k)2t

1+ε(2k)2

+
2

π(1 + ε(2k)2

t∫
0

π∫
0

r(β)h (α, β, w) sin 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ,

where w0(t), wck(t), wsk(t) are Fourier coefficients. If we substitute these values
in the equation,we have

w(x, t) = ϑ0 +

t∫
0

r(β)h0(β,w) dβ

+

∞∑
k=1

cos 2kx

ϑck e

−(2k)2t

1+ε(2k)2



+
∞∑

k=1

1

1 + ε(2k)2

t∫
0

r(β)hck(β,w) e

−(2k)2(t−β)

1+ε(2k)2 dβ (2.1)

+

∞∑
k=1

sin 2kx

ϑsk e

−(2k)2t

1+ε(2k)2



+

∞∑
k=1

1

1 + ε(2k)2

t∫
0

r(β)hsk(β,w) e

−(2k)2(t−β)

1+ε(2k)2 dβ.

Using (K1)-(K3), differentiating (1.4), we get

wxxt = g
′
(t), 0 ≤ t ≤ T. (2.2)

From (2.1) and (2.2)

r(t) =
g(t) + εg

′
(t)

h0(t) +
∞∑

k=1

hck(τ,w)

1+ε(2k)2
− h(π, t, w)

∞∑
k=1

−(2k)2t

1+ε(2k)2

φck e

−(2k)2t

1+ε(2k)2 + 1
1+ε(2k)2

t∫
0

r(β)hck(β,w) e

−(2k)2(t−β)

1+ε(2k)2 dβ


h0(t) +

∞∑
k=1

hck(τ,w)

1+ε(2k)2
−h(π,t,w)

h(π, t, w) =
h0(t)

2
+

∞∑
k=1

[hck(t) cos 2kπ + hsk(t) sin 2kπ]

=
h0(t)

2
+

∞∑
k=1

hck(t)
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r(t) =
g(t) + εg

′
(t)

h0(t)
2

−
∞∑

k=1

ε(2k)2hck(t)

1+ε(2k)2

(2.3)

+

∞∑
k=1

−(2k)2t

1+ε(2k)2

(
φck e

−(2k)2t

1+ε(2k)2 + 1
1+ε(2k)2

t∫
0

r(β)hck(β,w) e
−(2k)2(t−β)

1+ε(2k)2 dβ

)
h0(t)

2
−

∞∑
k=1

ε(2k)2hck(t)

1+ε(2k)2

Definition 2.1. {w(t)} = {w0(t), wck(t), wsk(t), k = 1, ..., n} satisfy such that

max
0≤t≤T

|w0(t)|
2

+
∞∑

k=1

(
max

0≤t≤T
|wck(t)|+ max

0≤t≤T
|wsk(t)|

)
< ∞ by B.

∥w(t)∥B = max
0≤t≤T

|w0(t)|
2

+
∞∑

k=1

(
max

0≤t≤T
|wck(t)|+ max

0≤t≤T
|wsk(t)|

)
be norm of B.

Theorem 2.2. If (K1)-(K3) be ensured. Then there is a solution to the problem
(1.1)-(1.4).

Proof. Let iterations to equation (2.1)

w
(N+1)
0 (t) = w

(0)
0 (t) +

2

π

t∫
0

π∫
0

r
(N)

(β) h
(
α, β, w

(N)
(α, β)

)
dαdβ, (2.4)

w
(N+1)
ck

(t) = w
(0)
ck

(t)

+
2

π(1 + ε(2k)2)

t∫
0

π∫
0

r
(N)

(β) h
(
α, β, w

(N)
(α, β)

)
cos 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ,

w
(N+1)
sk

(t) = w
(0)
sk

(t)

+
2

π(1 + ε(2k)2)

t∫
0

π∫
0

r
(N)

(β) h
(
α, β, w

(N)
(α, β)

)
sin 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ,

where w
(0)
0 (t) = ϑ0, w

(0)
ck (t) = ϑcke

−(2k)2t

1+ε(2k)2 , w
(0)
sk (t) = ϑske

−(2k)2t

1+ε(2k)2 .
Adding and subtracting

2
π

t∫
0

π∫
0

r(0)(β) h (α, β, 0) dαdβ, 2
π

t∫
0

π∫
0

r(0)(β) h (α, β, 0) cos 2kαe
−(2k)2(t−β)

1+ε(2k)2 dαdβ,

2
π

t∫
0

π∫
0

r(0)(β) h (α, β, 0) sin 2kαe
−(2k)2(t−β)

1+ε(2k)2 dαdβ



198 I. Baglan, F. Kanca, V. Narayan Mishra

to both sides of the last equation and using Cauchy inequality, we get

∣∣∣w(1)(t)
∣∣∣ ≤

|φ0|
2

+
∞∑

k=1

(|φck|+ |φsk|)

+

 t∫
0

dβ


1
2
 t∫

0

 2

π

π∫
0

r(0)(β)
(
h(α, β,w(∗))

)
dα

2

dβ


1
2

+

 t∫
0

dβ


1
2
 t∫

0

 2

π

π∫
0

r(0)(β) h (α, β, 0) dα

2

dβ


1
2

+

∞∑
k=1

 t∫
0

e
−2(2k)2(t−β)

1+ε(2k)2 dβ


1
2

×

 t∫
0

 2

π(1 + ε(2k)2)

π∫
0

r(0)(β)
(
h(α, β,w(∗))

)
cos 2kαdα

2

dβ


1
2

+
∞∑

k=1

 t∫
0

e
−2(2k)2(t−β)

1+ε(2k)2 dβ


1
2

×

 t∫
0

 2

π(1 + ε(2k)2)

π∫
0

r(0)(β) h (α, β, 0) cos 2kαdα

2

dβ


1
2

+

∞∑
k=1

 t∫
0

e
−2(2k)2(t−β)

1+ε(2k)x2 dβ


1
2

×

 t∫
0

 2

π(1 + ε(2k)2)

π∫
0

r(0)(β)
(
h(α, β,w(∗))

)
sin 2kαdα

2

dβ


1
2

+

∞∑
k=1

 t∫
0

e
−2(2k)2(t−β)

1+ε(2k)2 dβ


1
2

×

 t∫
0

 2

π(1 + ε(2k)2)

π∫
0

r(0)(β)h (α, β, 0) sin 2kαdα

2

dβ


1
2

where h
(
α, β,w(0)

)
− h (α, β, 0) = h(α, β,w(∗))
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∣∣∣w(1)(t)
∣∣∣ ≤

|φ0|
2

+

∞∑
k=1

(|φck|+ |φsk|)

+

√
T

√
π

 t∫
0

 π∫
0

r(0)(β) dα

2

dβ


1
2

+

√
T

√
π

 t∫
0

 π∫
0

r(0)(β) h (α, β, 0) dα

2

dβ


1
2

+

√
2π

4
√
3

∞∑
k=1

 t∫
0

 π∫
0

r(0)(β)
(
h(α, β,w(∗))

)
cos 2kαdα

2

dβ


1
2

+

√
2π

4
√
3

∞∑
k=1

 t∫
0

 π∫
0

r(0)(β) h (α, β, 0) cos 2kαdα

2

dβ


1
2

+

√
2π

4
√
3

∞∑
k=1

 t∫
0

 π∫
0

r(0)(β)
(
h(α, β,w(∗))

)
sin 2kαdα

2

dβ


1
2

+

√
2π

4
√
3

∞∑
k=1

 t∫
0

 π∫
0

r(0)(β) h (α, β, 0) sin 2kαdα

2

dβ


1
2

Applying Hölder, Bessel inequality and using Lipschitzs condition and taking
maximum

∥∥∥w(1)(t)
∥∥∥
B

= max
0≤t≤T

∣∣∣w(1)
0 (t)

∣∣∣
2

+

∞∑
k=1

(
max
0≤t≤T

∣∣∣w(1)
ck (t)

∣∣∣+ max
0≤t≤T

∣∣∣w(1)
sk (t)

∣∣∣)
≤ |φ0|

2

+

∞∑
k=1

(|φck|+ |φsk|)

+(
2
√
3T + π

2
√
3π

) ∥l(x, t)∥L2(Γ)

∥∥∥w(0)(t)
∥∥∥
B

∥∥∥r(0)(τ)∥∥∥
C[0,T ]

+(
2
√
3T + π

2
√
3π

)
∥∥∥r(0)(τ)∥∥∥

C[0,T ]
∥h(x, t, 0)∥L2(Γ)

.

From the condition of the theorem we have w(0)(t) ∈ B. We prove that the
other approximations in the sequence satisfy this condition, then w(1)(t) ∈ B.
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For N,∥∥∥w(N+1)(t)
∥∥∥
B

= max
0≤t≤T

∣∣∣w(N)
0 (t)

∣∣∣
+

∞∑
k=1

(
max
0≤t≤T

∣∣∣w(N)
ck (t)

∣∣∣+ max
0≤t≤T

∣∣∣w(N)
sk (t)

∣∣∣)
≤ |ϑ0|

+

∞∑
k=1

(|ϑck|+ |ϑsk|)

+(
2
√
3T + π

2
√
3π

) ∥l(x, t)∥L2(Γ)

∥∥∥w(N)(t)
∥∥∥
B

∥∥∥r(N)(τ)
∥∥∥
C[0,T ]

+(
2
√
3T + π

2
√
3π

)
∥∥∥r(N)(τ)

∥∥∥
C[0,T ]

∥h(x, t, 0)∥L2(Γ)
.

we obtain w(N+1)(t) ∈ B.

r
(1)

(t) =
g(t) + εg

′
(t)

h0(t)
2

−
∞∑

k=1

ε(2k)2hck(t)

1+ε(2k)2

+

∞∑
k=1

−(2k)2t

1+ε(2k)2

φck e

−(2k)2t

1+ε(2k)2 + 1
1+ε(2k)2

t∫
0
r(0)(β)hck(β,w

(0)) e

−(2k)2(t−β)

1+ε(2k)2 dβ


h0(t)

2
−

∞∑
k=1

ε(2k)2hck(t)

1+ε(2k)2

Applying Cauchy,Hölder inequality
∣∣∣r(1)(t)∣∣∣ ≤

|g(t)|
M0

+ ε

∣∣∣g′ (t)∣∣∣
M0

+

∞∑
k=1

−(2k)2t(
1+ε(2k)2

)
(2k)2

∣∣∣φ′′
ck

∣∣∣ + 1
1+ε(2k)2

t∫
0

π∫
0
r(0)(β)

(
h(α, β, w(∗))

)
e

−(2k)2(t−β)

1+ε(2k)2 dβ


M0

+

∞∑
k=1

−(2k)2t(
1+ε(2k)2

)
(2k)2

∣∣∣φ′′
ck

∣∣∣ + 1
1+ε(2k)2

t∫
0

π∫
0
r(0)(β)h(α, β, 0) e

−(2k)2(t−β)

1+ε(2k)2 dβ


M0

Applying Hölder, Bessel inequality and using Lipschitzs condition and taking
maximum, we have

∥∥∥r(1)(t)∥∥∥
C[0,T ]

≤
|g(t)|
M0

+ ε

∣∣∣g′ (t)∣∣∣
M0

+
π

M0
√
6

∞∑
k=1

∣∣∣∣φ′′
ck

∣∣∣∣ +
√
3

3M0

∥∥∥r(0)(t)∥∥∥
C[0,T ]

∥∥∥w(0)
(t)
∥∥∥
B

+

√
3

3M0

∥∥∥r(0)(t)∥∥∥
C[0,T ]

∥h(x, t, 0)∥L2(Γ)

where
h0(t)

2
+

∞∑
k=1

ε(2k)2hck(t)

1 + ε(2k)2
≥ M0.
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For N,

∥∥∥r(N+1)
(t)
∥∥∥
C[0,T ]

≤
|g(t)|
M0

+ ε

∣∣∣g′ (t)∣∣∣
M0

+
π

M0
√
6

∞∑
k=1

∣∣∣∣φ′′
ck

∣∣∣∣ +
√

3

3M0

∥∥∥r(N)
(t)
∥∥∥
C[0,T ]

∥∥∥w(N)
(t)
∥∥∥
B

+

√
3

3M0

∥∥∥r(N)
(t)
∥∥∥
C[0,T ]

∥h(x, t, 0)∥L2(Γ)

w(N+1)(t) ∈ B.

We show w(N+1), r(N+1) are converged for N → ∞,

w
(1)

(t) − w
(0)

(t) =
(w

(1)
0 (t) − w

(0)
0 (t))

2

+
∞∑

k=1

[(w
(1)
ck

(t) − w
(0)
ck

(t)) + (w
(1)
sk

(t) − w
(0)
sk

(t))]

=
1

2

 2

π

t∫
0

π∫
0

r
(0)

(β)
[
h(α, β, w

(∗)
)
]
dαdβ



+
∞∑

k=1

2

π(1 + ε(2k)2)

t∫
0

π∫
0

[
r
(0)

(β)h(α, β, w
(∗)

)
]

e

−(2k)2(t−β)

1+ε(2k)2 cos 2πkαdαdβ

+

∞∑
k=1

2

π(1 + ε(2k)2)

t∫
0

π∫
0

[
r
(0)

(β)h(α, β, w
(∗)

)
]

e

−(2k)2(t−β)

1+ε(2k)2 sin 2πkαdαdβ

+
1

2

 2

π

t∫
0

π∫
0

r
(0)

(β)h(α, β, 0)dαdβ



+

∞∑
k=1

2

π(1 + ε(2k)2)

t∫
0

π∫
0

r
(0)

(β)h(α, β, 0) e

−(2k)2(t−β)

1+ε(2k)2 cos 2πkαdαdβ

+
∞∑

k=1

2

π(1 + ε(2k)2)

t∫
0

π∫
0

r
(0)

(β)h(α, β, 0) e

−(2k)2(t−β)

1+ε(2k)2 sin 2πkαdαdβ.

After using Cauchy, Hölder, Bessel inequality and Lipschitzs condition, we
find

∥∥∥w(1)(t)− w(0)(t)
∥∥∥
B

≤
(
2
√
3T + π

2
√
3π

)
∥l(x, t)∥L2(Γ)

x
∥∥∥r(0)(τ)∥∥∥

C[0,T ]

∥∥∥w(0)(t)
∥∥∥
B

+

(
2
√
3T + π

2
√
3π

)
x
∥∥∥r(0)(τ)∥∥∥

C[0,T ]
∥h(x, t, 0)∥L2(Γ) .

A =

(
2
√
3T + π

2
√
3π

)∥∥∥r(0)(τ)∥∥∥
C[0,T ]

x(∥l(x, t)∥L2(Γ)

∥∥∥w(0)(t)
∥∥∥
B

+ ∥h(x, t, 0)∥L2(Γ)).
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∥∥∥r(1)(t)− r(0)(t)
∥∥∥
C[0,T ]

≤
1

M0

( √
3M

3−
√
3M2

)∥∥∥r(1)(t)∥∥∥
C[0,T ]

x
∥∥∥w(1)(t)− w(0)(t)

∥∥∥
B
∥l(x, t)∥L2(Γ)

∥∥∥w(2)(t)− w(1)(t)
∥∥∥
B

≤
(
2
√
3T + π

2
√
3π

)
∥l(x, t)∥L2(Γ)

×
∥∥∥w(1)(t)− w(0)(t)

∥∥∥
B

∥∥∥r(1)(τ)∥∥∥
C[0,T ]

+

(
2
√
3T + π

2
√
3π

)
M
∥∥∥r(1) − r(0)

∥∥∥
C[0,T ]

.

∥∥∥w(2)
(t) − w

(1)
(t)
∥∥∥
B

≤
{(

2
√
3T + π

2
√

3π

)(
1 +

√
3M2

3 −
√
3M2

)}

×
A

M0

∥l(x, t)∥L2(Γ)

∥∥∥r(1)(τ)∥∥∥
C[0,T ]

,

For the step N :

∥∥∥r(N+1)
(t) − r

(N)
(t)
∥∥∥
C[0,T ]

≤
( √

3M

3 −
√
3M2

)
1

M0

×
∥∥∥r(N+1)

(t)
∥∥∥
C[0,T ]

∥∥∥w(N+1)
(t) − w

(N)
(t)
∥∥∥
B

∥l(x, t)∥L2(Γ)

∥∥∥w(N+1)
(t) − w

(N)
(t)
∥∥∥
B

≤
A

√
N !

(
2
√
3T + π

2
√
3π

)(
1 +

( √
3M2

3 −
√
3M2

)
1

M0

)N

(2.5)

×
∥∥∥r(1)(τ)∥∥∥

C[0,T ]

∥∥∥r(2)(τ)∥∥∥
C[0,T ]

...
∥∥∥r(N+1)

(τ)
∥∥∥
C[0,T ]

∥l(x, t)∥N+1
L2(Γ)

.

According to (2.5),we obtain
w(N+1) → w(N) , N → ∞, then r(N+1) → r(N), N → ∞.

Let us show

lim
N→∞

w(N+1)(t) = w(t),

lim
N→∞

r(N+1)(t) = r(t).

∥∥∥w − w(N+1)
∥∥∥
B

≤
(
2
√
3T + π

2
√
3π

)
∥r(τ)∥C[0,T ] ∥l(x, t)∥L2(Γ)

∥∥∥w(t)− w(N+1)(t)
∥∥∥
B

(2.6)

+
A

√
N !

{(
2
√
3T + π

2
√
3π

)(
1 +

√
3M2

3−
√
3M2

)}N

∥R(τ)∥C[0,T ] ∥l(x, t)∥L2(Γ)

+

(
2
√
3T + π

2
√
3π

)
M
∥∥∥r(τ)− r(N)(τ)

∥∥∥
C[0,T ]

,

where ∥r(τ)∥
C[0,T ]

∥∥r(1)(τ)∥∥
C[0,T ]

∥∥r(2)(τ)∥∥
C[0,T ]

...
∥∥r(N+1)(τ)

∥∥
C[0,T ]

= ∥R(τ)∥C[0,T ]
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∥∥∥r(τ)− r(N+1)(τ)
∥∥∥
C[0,T ]

≤
( √

3M

3−
√
3M2

)
∥r(τ)∥C[0,T ]

×∥b(x, t)∥L2(Γ)

∥∥∥w(t)− w(N+1)(t)
∥∥∥
B
. (2.7)

Let us consider (2.5) in (2.6) and apply Gronwall’s inequality to (2.7), we
obtain
∥∥∥w(t) − w

(N+1)
(t)
∥∥∥2
B

≤

2

 A
√
N !

((
2
√
3T + π

2
√
3π

)(
1 +

√
3M2

3 −
√
3M2

))N+1

∥R(τ)∥C[0,T ] ∥l(x, t)∥L2(Γ)

2

× exp 2

(
1 +

(
2
√
3T + π

2
√
3π

)(
1 +

√
3M2

3 −
√
3M2

))2

∥l(x, t))∥2L2(Γ) .

We have w(N+1) → w, we show (r, w) ,(q, v) are two solutions of (1.1)-(1.4).
Applying same operations:

∥w(t)− v(t)∥B ≤
(
2
√
3T + π

2
√
3π

)
M ∥r(t)− q(t)∥C[0,T ]

+

(
2
√
3T + π

2
√
3π

) t∫
0

π∫
0

r2(β)l2(α, β) |w(β)− v(β)|2 dαdβ


1
2

,

∥r(t)− q(t)∥C[0,T ] ≤
( √

3M

3−
√
3M2

)

×

 t∫
0

π∫
0

r2(β)l2(α, β) |w(β)− v(β)|2 dαdβ


1
2

,

∥w(t)− v(t)∥B ≤
[(

2
√
3T + π

2
√
3π

)(
1 +

√
3M2

3−
√
3M2

)]

×

 t∫
0

π∫
0

r2(β)l2(α, β) |w(β)− v(β)|2 dαdβ


1
2

, (2.8)

we get w(t) = v(t). Hence r(t) = q(t). □

3. Stability of the solution

In situations where a physical process is described (modeled) with PDEs,
then it is desirable that any errors made in the measurement of either initial
data or boundary data, do not influence the solution very much. In mathe-
matical terms, this is known as continuous dependence of solution, on the data
present in the problem. In fact, the following theorem asserts that solution
(1.1)-(1.4) has continuous dependence on input data. Let’s prove the following
theorem.
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Theorem 3.1. If the conditions (C1)-(C3) are implemented then the solution
of the problem depends continuously on ϑ,E.

Proof. Let’s make a slight difference to the initial data. Suppose Φ = {ϑ, g, h}
and Φ =

{
ϑ, g, h

}
be two sets of the data, which satisfy the assumptions

(K1)− (K3) . For Ni, i = 1, 2 such that

∥g∥C1[0,T ] ≤ N1, ∥g∥C1[0,T ] ≤ N1, ∥ϑ∥C3[0,π] ≤ N2,
∥∥ϑ∥∥

C3[0,π]
≤ N2.

Let us ∥Φ∥ = (∥g∥C1[0,T ] + ∥ϑ∥C3[0,π] + ∥h∥C3,0(Γ)).

w − w =

(
ϑ0 − ϑ0

)
2

+
∞∑

k=1

(
ϑck − ϑck

)
e

−(2k)2t

1+ε(2k)2 +
∞∑

k=1

(
ϑsk − ϑsk

)
e

−(2k)2t

1+ε(2k)2

+
1

2

 2

π

t∫
0

π∫
0

r(β) [h(α, β, w(∗))] dαdβ



+
1

2

 2

π

t∫
0

π∫
0

(r(β) − r(β))h(α, β, w(α, β))dαdβ



+
∞∑

k=1

2

π(1 + ε(2k)2)

t∫
0

π∫
0

r(β) [h(α, β, w(∗))] cos 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ

+

∞∑
k=1

2

π(1 + ε(2k)2)

×
t∫

0

π∫
0

(r(β) − r(β)) [h(α, β, w(∗))] cos 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ

+
∞∑

k=1

2

π(1 + ε(2k)2)

t∫
0

π∫
0

r(β) [h(α, β, w(∗))] cos 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ

+
∞∑

k=1

2

π(1 + ε(2k)2)

×
t∫

0

π∫
0

(r(β) − r(β)) [h(α, β, w(∗))] cos 2kα e

−(2k)2(t−β)

1+ε(2k)2 dαdβ,

where h(α, β,w(α, β))− h(α, β, w(α, β) = h(α, β, w(∗)) and

r(τ)− r(τ) =



g(t)+εg
′
(t)+

∞∑
k=1

−(2k)2t

1+ε(2k)2
φcke

−(2k)2t

1+ε(2k)2

h0(t,w) +
∞∑

k=1

ε(2k)2hck(t,w)

1+ε(2k)2

+

∞∑
k=1

−(2k)2t

1+ε(2k)2

 1
1+ε(2k)2

t∫
0

r(τ)hck(τ,w)e
−(2k)2(t−τ)

1+ε(2k)2 dτ


h0(t,w) +

∞∑
k=1

ε(2k)2hck(t,w)

1+ε(2k)2

−
g(t)+εg′ (t)+

∞∑
k=1

−(2k)2t

1+ε(2k)2
φcke

−(2k)2t

1+ε(2k)2

h0(t,w) +
∞∑

k=1

ε(2k)2hck(t,u)

1+ε(2k)2

−

∞∑
k=1

−(2k)2t

1+ε(2k)2

 1
1+ε(2k)2

t∫
0

r(τ)hck(τ,w)e
−(2k)2(t−τ)

1+ε(2k)2 dτ


h0(t,w) +

∞∑
k=1

ε(2k)2hck(t,u)

1+ε(2k)2
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After using Cauchy, Hölder, Bessel inequality and Lipschitzs condition, we
find

∥r(τ)− r(τ)∥C[0,T ] ≤ M1

M2
∥g(t)− g(t)∥

+ε
M1

M2

∥∥∥g′
(t)− g′(t)

∥∥∥
+
πM

2
√
6

∞∑
k=1

∣∣∣ϑ′′

ck − ϑ
′′
ck

∣∣∣
+
M1

M2
∥w − w∥

∥w − w∥B ≤ M3

∥∥Φ− Φ
∥∥ (3.1)

+M4

 t∫
0

π∫
0

r2(β)l2(α, β) ∥w(β)− w(β)∥2 dαdβ


1
2

∥w − w∥2B ≤ 2M2
3

∥∥Φ− Φ
∥∥2 (3.2)

× exp

2M2
4

t∫
0

π∫
0

r2(β)l2(α, β)dαdβ

 .

According to the last equation,
for Φ → Φ then w → w. Hence r → r. □

4. The Numerical Examination
We obtain the following problem after linearization of problem (1.1)-(1.4):

∂w(n)

∂t
=

∂2w(n)

∂x2
+ ε

∂3w(n)

∂x2∂t
+ r(t)h(x, t, w(n−1)), (x, t) ∈ D (4.1)

w(n)(0, t) = w(n)(π, t), w
(n)
x (0, t) = w

(n)
x (π, t) = 0 t ∈ [0, T ] (4.2)

w
(n)
xx (π, t) = g(t), t ∈ [0, T ] (4.3)

w(n)(x, 0) = ϑ(x) , x ∈ [0, π] . (4.4)

Let w(n)(x, t) = v(x, t) and h(x, t, w(n−1)) = h̃(x, t). Linear problem for
(4.1)-(4.4):

∂v

∂t
=

∂2v

∂x2
+ ε

∂3v

∂x2∂t
+ r(t)h̃(x, t) (x, t) ∈ D (4.5)

v(0, t) = v(π, t), vx(0, t) = vx(π, t), t ∈ [0, T ] (4.6)
vxx(π, t) = g(t), t ∈ [0, T ] (4.7)
v(x, 0) = ϑ(x), x ∈ [0, π] . (4.8)

The region [0, π] and [0, T ] is reserved Nx and Nt of equal lengths h = π
Nx

and τ = T
Nt

, respectively. The implicit scheme of (4.5)-(4.8) :
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1

τ

(
vj+1
i − vji

)
=

1

2h2

(
vji−1 − 2vji + vji+1

)
(4.9)

+ε
1

2h2τ

[
(vj+1

i−1 − 2vj+1
i + vj+1

i+1 )− (vji−1 − 2vji + vji+1)
]
+ rj h̃j

i ,

v0i = ϕi, (4.10)

vj0 = vjNx+1, (4.11)

vj1 + vjNx

2
= vjNx+1, (4.12)(

vji = v(xi, tj), ϕi = ϕ(xi), h̃
j
i = h̃(xi, tj), xi = ih, tj = jτ for 1 ≤ i ≤ Nx and 0 ≤ j ≤ Nt.

)
Integrate the equation (4.5) with respect to x from 0 to 1 and using (4.9)

and (4.12), we obtain

r(t) =
−g(t)− εg′(t) + vt(π, t)

h̃(π, t)dx
. (4.13)

The finite-difference approximation of r(t) is

rj =
−g(t)− ε

(
gj+1 − gj

)
/τ +

(
vj+1
Nx

− vjNx

)
/τ

h̃j
Nx

,

where gj = g(tj), j = 0, 1, ..., Nt. We mention that the integrals are numerically
calculated using Simpson’s rule of integration and also the first derivatives are
calculated using central difference scheme rj(s), v

j(s)
i are the values of rj , vji at

the s-th iteration step, respectively. At each (s+1)-th iteration step, rj+1(s+1)

is as follows

rj+1(s+1) =
−g(t)− ε

(
gj+2 − gj+1

)
/τ +

(
v
j+1(s)
Nx

− v
j(s)
Nx

)
/τ

h̃j
Nx

.

The iteration to (4.9)-(4.12) we obtain
1

τ

(
v
j+1(s+1)
i − v

j+1(s)
i

)
=

1

h2

(
v
j+1(s+1)
i−1 − 2v

j+1(s+1)
i + v

j+1(s+1)
i+1

)
(4.14)

+ε
1

2h2τ

(
v
j+1(s+1)
i−1 − 2v

j+1(s+1)
i + v

j+1(s+1)
i+1

)
−ε

1

2h2τ

(
v
j+1(s)
i−1 − 2v

j+1(s)
i + v

j+1(s)
i+1

)
+rj+1(s+1)h̃j+1

i ,

v
j(s)
0 = v

j(s)
Nx+1, (4.15)

v
j(s)
1 + v

j(s)
Nx

2
= v

j(s)
Nx+1, (4.16)

v
j+1(s+1)
i is found.
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Figure 1. Exact and approximate r(t) when T=1.

The numerical method suggested here is the implicit Finite-difference method
which is second order accurate in the spatial grid size and first-order in the time
grid size. Also, the Crank–Nicolson scheme, which is absolutely stable and has
a second-order accuracy in both the spatial and time grid sizes can be used.
The explicit finite-difference schemes which are easy to use, have restriction
on stability. The CPU time in the Crank–Nicolson scheme is longer than the
implicit finite-difference method.

In order to illustrate the behavior of our numerical method, an example is
considered.

Example 4.1. Let the give functions are

h(x, t, w) = (1 + 4 cos 2x− 4 sin2 x+ 4ε2 cos 2x− 4ε2 sin2 x)w exp(−t),

ϑ(x) = exp(cos 2x), g(t) = −4 exp(εt+ 1), x ∈ [0, π] , t ∈ [0, T ] .

The analytical solution is

{r(t), w(x, t)} = {exp (t) , exp (εt+ cos(2x))} .

Here h = 0.0393, τ = 0.01.
Note that the convergence criterion for r(t) was∣∣rk+1(s+1) − rk+1(s)

∣∣ ≤ h/200.

This programming has been performed using the MATLAB R2016 version of
the computational program and CPU time is found using the tic–toc command
in MATLAB. The CPU time is 14 s.

For T = 1, comparisons between the accurate solution and the numerical
solution are given below in Figures 1 and 2 when ε = 0.1.
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Figure 2. Exact and approximate solutions of u(x,t) at the T=1.

5. Conclusions

The problem of inverse of the temperature distribution in the pseudo- quasi-
linear parabolic equation by nonlocal conditions are taken . This inverse prob-
lem has been examined from both theoretically and numerically. In the theo-
retical part, the existence of the problem and the stability of the problem were
examined. The finite difference method in the numerical part is preferred.
Periodic conditions are used in this article.The Fourier and finite difference
method are crucial of inverse problems for pseudo- quasilinear parabolic equa-
tions. This provides the insight into the modeling of problems with periodic
boundary conditions. Periodic boundary conditions are more difficult than
local boundary conditions for the inverse coefficient problems This work ad-
vances our understanding of the use of the Fourier method of separation of
variables and the finite-difference methods in the investigation of inverse prob-
lems for pseduo-quasilinear parabolic equations. In future various theorical
and numerical methods can be used for this problem. Also the authors plan to
consider various linear and non-linear inverse problems with different boundary
conditions in future studies, since the method discussed has a wide range of
applications.
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